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Let A be a transitive subgroup of Sn. We show that the largest cyclic quotient
of A has order at most n. This can be interpreted as an equivalent result about
extensions of constants in the Galois closure of a covering of curves over a ﬁnite
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Key Words: cyclic quotients; transitive groups; permutation groups; coverings of
curves; primitive groups; point stabilizer; Galois theory; ﬁeld extensions; procyclic
ﬁelds; extension of constants.
1. INTRODUCTION
In this note, we prove the following theorem.
Theorem 1. Let A be a transitive subgroup of Sn with n > 1. If G is a
normal subgroup of A with A/G cyclic, then A/G ≤ n and the inequality is
strict if G is transitive.
The example of A cyclic of order n shows that A/G may have order n.
Let A be the semidirect product of G, elementary abelian of order n = pa,
with a cyclic group of order n− 1 acting faithfully on G. Then A embeds
in Sn and A/G is cyclic of order n− 1. Since G is transitive, in general, one
cannot improve the inequality A/G < n with A/G cyclic and G transitive.
1 The author was partially supported by a National Science Foundation grant.
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This result seems to be new even if A is solvable. Our proof depends
upon the classiﬁcation of ﬁnite simple groups, but we hope that eventually
a new proof avoiding the use of the classiﬁcation can be found. We do
make some efforts in this direction.
Our motivation for studying this natural group theoretic property was a
result of studying coverings of curves and more generally separable ﬁeld
extensions.
Recall that a ﬁeld k is called procyclic if its absolute Galois group is pro-
cyclic as a proﬁnite group or, equivalently, every ﬁnite extension is Galois
with cyclic Galois group. Algebraic extensions of ﬁnite ﬁelds are procyclic,
as are perfect subﬁelds of algebraically closed ﬁelds which are maximal with
respect to not containing 1 or 2 elements.
If k is a ﬁeld and L/K is a ﬁnite extension of ﬁelds, we say L/K is
k-regular if k is a subﬁeld of K which is algebraically closed in L. In Galois
theory, often k is ﬁxed or K is a function ﬁeld over a number ﬁeld or ﬁnite
ﬁeld, and then one just calls these regular extensions.
A corollary which we show is equivalent to the theorem is the following:
Theorem 2. Let k be a procyclic ﬁeld which is algebraically closed in K.
Let L/K be a ﬁnite separable ﬁeld extension. Let k′ denote the algebraic
closure of k in the Galois closure of L/K.
(a) k′  k ≤ L  K; and
(b) if L/K is k-regular, then k′  k < L  K.
If p is a prime different from the characteristic and L = k	x
 and
K = k	xp
, then k′ = k	θ
, where θ is a primitive pth root of 1, and so
k′/k can have degree up to p − 1. Thus, (b) cannot be improved in gen-
eral. One can also get examples with wild ramiﬁcation—for any ﬁnite ﬁeld
k of characteristic s, there are polynomials r	x
 of degree sa so that if
K = k	r	x

 and L = k	x
, then k′  k = sa − 1.
Clearly, (a) cannot be improved since one can take L = k′ and K = k.
The special case of Theorem 2 when L/K is a k-regular separable
extension of k-curves and there exists a totally ramiﬁed k-point can be
obtained by our methods without the classiﬁcation of ﬁnite simple groups.
See Theorem 5.1.
Our proof of Theorem 1 involves two key steps. We actually prove a
somewhat stronger statement in Section 4 involving a new invariant related
to certain normal series. This invariant behaves well with respect to induc-
tion. This allows one to reduce to the case of primitive permutation groups.
In that case, one can prove a much stronger result in the case where A has
no normal abelian subgroups. See Theorem 3.4—the bound log n, rather
than n, is obtained. This is where the classiﬁcation of ﬁnite simple groups
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is used. The case of primitive groups with an abelian normal subgroup is
handled easily by induction.
We also obtain the following result, which can be used to give another
proof of Theorem 1 for primitive groups. We reduce quickly to the case
of almost simple groups. We then use structure theorems for maximal sub-
groups of almost simple groups. In particular, the classiﬁcation of ﬁnite
simple groups is used.
Theorem 3. If A is a ﬁnite primitive permutation group, then a point
stabilizer has a faithful suborbit.
Knapp [13] has proved this under the additional assumption that the
point stabilizer has a nontrivial center. It is also easy to see that this is true
if A contains a regular normal subgroup since every nontrivial suborbit is
faithful in that case.
Aschbacher and Guralnick [2] and Kova´cs and Praeger [14] have inves-
tigated abelian quotients of primitive and transitive groups. In particular,
it was shown in [2] that if A is a primitive permutation group of degree n,
then the commutator quotient of A has order at most n with equality hold-
ing if and only if A is cyclic of prime order n. However, if one drops the
primitivity hypothesis, then abelian quotients can grow almost exponentially
(see [2, Example]). See Section 5.
This note is organized as follows. In the next section, we deﬁne our new
invariant and prove some elementary properties. In Section 3, we discuss
primitive permutation groups and prove a very strong version of Theorem
1 for primitive permutation groups with no abelian normal subgroups. In
Section 4, we prove our main result, and in Section 5, we deduce Theorems
1 and 2. In Section 6, we show the equivalence of Theorems 1 and 2. In
Section 7, we indicate how one might try to prove the results without using
the classiﬁcation and show that Theorem 3 implies Theorem 1. In Section
8, we prove Theorem 3 while doing as much as possible that is independent
of the classiﬁcation of ﬁnite simple groups. In Section 9, we consider the
case of primitive permutation groups of degree n with an abelian normal
subgroup in more detail. We show that the maximal cyclic quotients are
bounded by 2
√
n unless A is metabelian.
We thank the referee for his suggestions and careful reading of the
manuscript.
2. A NEW GROUP INVARIANT
Let H be a ﬁnite group. Recall that a chief factor of H is a section
X/Y with X and Y both normal in H such that there are no nontriv-
ial H-invariant subgroups of X/Y . A chief factor X/Y is called central
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if HX ≤ Y . So if X/Y is a central chief factor, H acts trivially on X/Y
and X/Y has prime order.
Consider a normal series of H,
C 1 = H0 < H1 < · · · < Hr = H
such that each section Hi/Hi−1 either involves only noncentral chief factors
or is an elementary abelian group with at least one central chief factor.
In particular, in the latter case, there may be several central chief factors
as well as noncentral chief factors involved in the quotient.
Deﬁne µ	C
 to be the product of the exponents of the quotients which
contain central chief factors. Deﬁne µ	H
 to be the minimum of µ	C
 over
all possible choices for C. Using some of the elementary lemmas below,
one can show that to achieve the minimum, we deﬁne the Hi inductively by
declaring Hi+1/Hi to be the product of all the noncentral minimal normal
subgroups of G/Hi, or, if every minimal normal subgroup of G/Hi is cen-
tral, Hi+1/Hi is a maximal elementary abelian p-group for some prime p.
Note that if no minimal normal subgroup of H is noncentral, then the ﬁrst
term in any such series for H will intersect the center of H.
The ﬁrst result is clear.
Lemma 2.1. IfN is normal inH, thenµ	H/N
 ≤ µ	H
 ≤ µ	H/N
µ	N
.
Proof. The inequality µ	H
 ≤ µ	H/N
µ	N
 comes from taking a
sequence passing through N . The ﬁrst inequality comes from taking a
sequence for H realizing the minimum and taking homomorphic images.
Lemma 2.2. If N is normal in H and contains no trivial composition
factors of H, then µ	H
 = µ	H/N
.
Proof. Take a sequence starting with N to get µ	H
 ≤ µ	H/N
.
The opposite inequality follows from the previous result.
The next result is the crucial one that will allow us to reduce the main
theorem to the case of primitive permutation groups. This is the advantage
of using µ	H
 rather than the exponent of the abelianization of H. Note
that the corresponding result for the exponent of the abelianization is false.
Lemma 2.3. Let H be a subgroup of R× · · · ×R. Assume that H projects
onto each factor. Then µ	H
 = µ	R
.
Proof. Set S = R× · · · × R. Since S maps onto R, µ	S
 ≥ µ	R
. Let C
be a normal series for R with µ	C
 = µ	R
. We may reﬁne C and assume
that each quotient not involving central chief factors is actually a chief
factor. Moreover, by the earlier results, we may assume that the ﬁrst term
in the sequence is a noncentral chief factor or that all minimal normal
subgroups of R are central.
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Let D be the normal series of S which is just the direct product of
copies of C. To be more explicit, if Hi is the ith term of C, then let
Ki = Hi × · · · ×Hi be the ith term of D. Clearly, µ	D
 = µ	C
. This shows
that µ	S
 ≤ µ	R
 and so µ	S
 = µ	R
. Also, note that it sufﬁces to prove
that µ	H
 ≤ µ	R
. Since H maps onto R, the reverse inequality follows
from Lemma 2.1.
Let S0 < S1 < · · · < St = S be the subgroups in D. ConsiderH1 = H ∩ S1.
Suppose that S1 is a direct product of nontrivial chief factors in S. We
claim that H1 consists of nontrivial chief factors. If S1 is a direct product
of nonabelian simple groups, then as H projects onto each copy of R H1
is a product of diagonal subgroups of S1 [3], and so H1 is a direct product
of nonabelian simple groups. If S1 is elementary abelian and has no triv-
ial chief factors, then S1 is a semisimple S-module, whence as H projects
onto each factor of R, it is also a semisimple H-module with no nontrivial
composition factors. Thus, the same is true for H1.
Thus, H/H1 embeds in the direct product of copies of R/R1, where
R1 = R ∩ S1. Then
µ	H
 = µ	H/H1
 ≤ µ	R/R1
 = µ	R

So we may assume that all minimal normal subgroups of R and S are
central. In this case, S1 is an elementary abelian p-group which intersects
the center of S. So H1 is an elementary abelian p-group and
µ	H
 ≤ pµ	H/	H ∩ S1

 ≤ pµ	R/R1
 = µ	R

The last inequality comes from the fact that C was a sequence yielding the
minimum value for µ	R
.
3. PRIMITIVE PERMUTATION GROUPS
We next handle the case of primitive permutation groups. Unfortunately,
in one step we have to invoke the classiﬁcation of ﬁnite simple groups—we
suspect that there is an alternative proof.
Lemma 3.1. If A is primitive on a ﬁnite set  and N is a regular normal
subgroup, then the point stabilizer H acts faithfully on every nontrivial orbit.
Proof. Since N is regular, we have A = HN with H ∩ N = 1. Then
we can identify  with N as H-sets where H acts on N via conjugation.
Let O ⊂ N be any H-orbit not containing 1. Then M , the group generated
by O, is H invariant, and so MH is a subgroup properly containing the
maximal subgroup H. Thus, A =MH, i.e., M = N . Since CH	N
 is normal
in HN = G, it follows that H acts faithfully on N and so also on O.
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The classiﬁcation comes in the next result. Let log denote the base 2
logarithm.
Lemma 3.2. Let S be a ﬁnite nonabelian simple group which embeds in Sn.
Suppose that A is a group with S ≤ A ≤ Aut	S
. Then µ	A/S
 < log n.
Proof. If S is alternating or sporadic, then µ	A/S
 ≤ 2 and n ≥ 5.
So S is a Chevalley group. Now one inspects the size of the automorphism
groups and results on minimal degrees [12].
In almost all cases in the previous result, µ	Out	S

 can be replaced by
Out	S
. In all cases, µ can be replaced by the maximal order of an outer
automorphism (by passing to a cyclic subgroup). The same observations
yield the generally weaker bound:
Lemma 3.3. If L is a nonabelian simple group and R is a subgroup of
Out	L
, then µ	R
 < 	1/2
 log L.
We separate out the bound in the primitive nonafﬁne case because it is
so much better. See [3] for results on the structure of primitive permutation
groups.
We use Theorem 4.1 in the proof of the next result. Note that this
theorem is used in the proof of Theorem 4.1. We are proving both results
simultaneously by induction. So we only need Theorem 4.1 for smaller
values in the proof of the following result.
Theorem 3.4. Let A be a primitive subgroup of Sn . Then either µ	A
 <
log n or A has a unique minimal normal subgroup which is an elementary
abelian p-subgroup for some prime p.
Proof. Let F∗	A
 be the generalized Fitting subgroup of A. In this case,
this is just the product of all minimal normal subgroups of A. Since we may
exclude the case where F∗	A
 is abelian, we know by the structure theorem
for primitive permutation groups [3] that F∗	A
 is isomorphic to the direct
product of t copies of a nonabelian simple group L. Note that the structure
theorem as we use it does not depend upon the classiﬁcation of ﬁnite simple
groups.
We consider two cases. Suppose that F∗	A
 is a minimal normal sub-
group of G. Let K be the normal subgroup of A which normalizes each
of the t minimal normal subgroups of F∗	A
. Then A/K is a transitive
subgroup of St , and
µ	A
 = µ	A/F∗	A

 ≤ µ	A/K
µ	K/F∗	A


By Theorem 4.1 applied to the case of transitive subgroups of St ,
µ	A/K
 ≤ t. Since K/F∗	A
 embeds into the direct product of t copies
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of some subgroup of Out	L
 with surjective projections, it follows that
µ	K/F∗	A

 ≤ µ	R
 for some subgroup R of Out	L
.
Let d be the minimal degree of a permutation representation for L. Then
n ≥ mindt Lt/2. Thus, log n ≥ mint log d 	t/2
 log L. The previous
lemmas together with the previous paragraph give µ	A
 ≤ tµ	R
 < log n.
In the remaining case, F∗	A
 is the direct product of two isomorphic
minimal normal subgroups (each the direct product of t/2 copies of L).
In this case, while A/K is not transitive on the t copies of L, it does act
faithfully on either orbit of size t/2. Thus, µ	A/K
 ≤ t/2 by Theorem 4.1.
Also, in this case n = Lt/2.
So, for some subgroup R of Out	L
, we have
µ	A
 ≤ µ	A/K
µ	R
 < 	t/2
 log	L
 = log n
whence the result.
4. THE MAIN THEOREM
We can now prove a generalization of Theorem 1. In the next two sec-
tions, we will deduce Theorem 2 from Theorem 1 and then show that
Theorem 2 implies Theorem 1.
Theorem 4.1. Let A be a transitive subgroup of Sn with n > 1.
(a) µ	A
 ≤ n; and
(b) if G is a transitive normal subgroup of A, then µ	A/G
 < n.
Proof. We induct on n and A choosing a minimal counterexample.
Note that (a) implies at least that µ	A/G
 ≤ n.
Let  denote the given set of size n.
First assume that A is primitive on . If A contains a regular normal
subgroup N , then A = NH, where H is the stabilizer of a point. If A = N ,
then N has prime order p and the result follows. Otherwise, N is a non-
central chief factor of A and so µ	H
 = µ	A/N
 = µ	A
. Now H has a
faithful suborbit of size strictly less than n, and so µ	H
 < n by induction.
Thus (a) and (b) hold.
So we may assume that there are no regular normal subgroups. Then, we
may apply the previous result to deduce both (a) and (b).
So we may assume that A is not primitive. Then A preserves a partition
of . Choose such a nontrivial partition with a maximal number of blocks.
Denote the elements of this partition by !i 1 ≤ i ≤ t. Since this partition
has maximal size, it follows that the stabilizer in A of !1 acts primitively on
!1 or that it acts trivially on !1, which has prime order. Let Wi be the sta-
bilizer of !i. Let Vi denote the image of Wi in the symmetric group on !i.
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Let K be the normal subgroup of A preserving each block. By induction,
µ	A/K
 ≤ t. If K = 1, then µ	A
 = µ	A/K
 ≤ t < n. Otherwise, K acts
on !i, as a nontrivial normal subgroup of the primitive group Vi. Let φi be
the map from K into Wi. Since Wi is primitive on !i and K is nontrivial,
Ri = φi	K
 is transitive on !i. Moreover, since A is transitive, all of the
Ri are conjugate via A.
Thus, we see that K embeds in the direct product of the Ri and all
projections are surjective by deﬁnition.
By induction, µ	Ri
 ≤ n/t, whence µ	K
 ≤ n/t and so µ	A
 ≤ n. This
completes the proof of (a).
Suppose that (b) fails. Then we must have that µ	A
 = n and so µ	K
 =
n/t. In particular, µ	Ri
 = n/t for each i. The proof of (a) shows that
µ	Ri
 = n/t can happen only if n/t = p for some prime p and Ri is cyclic
of order p. Thus, K is an elementary abelian p-group. Note that G acts
transitively on the set of !i and so by induction, µ	A/GK
 < t. On the
other hand, GK/G ∼= K/	K ∩G
 is an elementary abelian p-group, whence
µ	GK/G
 = p. Thus,
µ	A/G
 ≤ 	A/GK
µ	GK/G
 < tp = n
5. EXTENSION OF CONSTANTS AND
ABELIAN EXTENSIONS
First let us note that if A is a transitive subgroup of Sn and G is a
normal subgroup with A/G cyclic, then A/G = µ	A/G
 ≤ µ	A
. Thus,
Theorem 4.1 immediately implies Theorem 1.
We now prove Theorem 2.
So let L/K be a separable extension of degree n. Let M be the Galois
closure. Set A = Gal	M/K
. Let k′ be the algebraic closure of k in M . Let
G be the normal subgroup of A which is the kernel of the natural map
sending A onto Gal	k′/k
. Then A/G is isomorphic to Gal	k′/k
. Since k
is procyclic, this implies that A/G is cyclic.
Also, A embeds into Sn (by acting on the n conjugates of a generator
for L/K). Thus, by Theorem 1, A/G has order at most n.
Now assume that L/K is k-regular. Thus, k′ and L are linearly disjoint
over K. Hence Lk′/Kk′ also has degree n. Now G acts trivially on Kk′,
and so G = Gal	M/Kk′
. Since M is the Galois closure of the degree n
extension Lk′/Kk′, it follows that G is transitive. Thus, Theorem 1 implies
that k′  k = Kk′  K = A/G < n.
We now consider a special case. Suppose that X is a smooth projective
curve deﬁned over the procyclic ﬁeld k that is geometrically irreducible (i.e.,
k is algebraically closed in the function ﬁeld k	X
). Suppose that f  X →
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Y is a separable rational map of degree n > 1 to the smooth projective
curve Y with f also deﬁned over k. Thus, k	X
/k	Y 
 is a separable ﬁeld of
extension of degree n and k	X
/k	Y 
 is k-regular. So the theorem applies
to this situation. Thus, if L is the Galois closure of this extension and k′ is
the algebraic closure of k in L, then k′  k < n.
Assume, moreover, that there happens to be a totally ramiﬁed y k-point
of Y . Let z be point of L over y. Recall that the decomposition group
D of z is just the stabilizer of z in the Galois group. The inertia group I
is the normal subgroup of D which acts trivially on the residue ﬁeld at z.
Since y is totally ramiﬁed, I ≤ G is transitive. Since y is a k-point, D/I
acts faithfully on k′/k. Thus, A/G ≤ D/I, and so the result follows from
Theorem 1 applied to D. Since k is procyclic, D/I is cyclic. It is always the
case that I/Op	I
 is cyclic. Thus D is solvable.
Thus, the special case follows from Theorem 1 for solvable groups and so
does not depend upon the classiﬁcation of ﬁnite simple groups. We record
this result below and reiterate that this does not depend upon the classiﬁ-
cation of ﬁnite simple groups.
Theorem 5.1. Let k be a procyclic ﬁeld. Let X and Y be geometrically
irreducible projective smooth curves deﬁned over k. Let f  X → Y be a
separable map of degree n deﬁned over k. Let L be the Galois closure of
k	X
/k	Y 
, and let k′ be the algebraic closure of k in L. Assume that there
exists a totally ramiﬁed k-rational point in y ∈ Y . If z is a point over y in
the Galois closure of the cover, let k′′ denote the residue ﬁeld at z. Then
k′  k ≤ k′′  k < n.
We record some results about abelian extensions of ﬁelds. By [2], one
can obtain only very weak bounds without some conditions.
The next result is the main theorem of [2].
Theorem 5.2. Let G be a primitive permutation group of degree n. Then
G  G′ ≤ n.
The equivalent ﬁeld theoretic version is
Theorem 5.3. Let E/k be a minimal ﬁeld extension with Galois clo-
sure L. If k ⊆ K ⊆ L with K/k abelian, then K  k ≤ E  k.
The next two results are due to Cantor and Isaacs. A minor variation of
the result was proved by Cantor, and the generalization was obtained by
each of them. We thank Isaacs for allowing us to include his proof.
We ﬁrst state the version for ﬁeld extensions and then the equivalent
group theoretic version.
Theorem 5.4. Let k be a ﬁeld with a and b conjugate algebraic elements
in the algebraic closure of k. If K/k is an abelian extension with K ⊆ k	a b
,
then K  k ≤ k	a
  k.
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Theorem 5.5. Let G be a ﬁnite group with H and K conjugate subgroups.
Then G  G′	H ∩K
 ≤ G  H.
Proof. Set D = H ∩ K. Clearly, HG′/DG′ ∼= H/	H ∩ DG′
, and so
HG′  DG′ ≤ H  D = K  D.
Next since K and H are conjugate, KG′ = HG′, and so K  D ≤
HG′  H.
Thus, HG′  H ≥ K  D ≥ HG′  DG′, and so
G  H = G  HG′HG′  H ≥ G  HG′HG′  DG′ = G  DG′
6. THE EQUIVALENCE OF THEOREMS 1 AND 2
In this section, we show that one can always translate the situation of
Theorem 1(b) into Theorem 2(b) if one is allowed to vary the ﬁeld. We
restrict our attention to perfect ﬁelds for convenience. There are related
results in [9]. See [21] for general results on Galois groups.
We ﬁrst need some notation. Let k be a perfect ﬁeld. Let G	k
 denote
the set of ﬁnite groups H such that for any ﬁnite extension k′ of k, H is
isomorphic to a subgroup of a homomorphic image of the absolute Galois
group of k′.
If k is a ﬁnite ﬁeld, then G	k
 is just the set of ﬁnite cyclic groups. If k is
a number ﬁeld, then since every ﬁnite symmetric group occurs as a Galois
group of k and every ﬁnite group is a subgroup of some symmetric group,
then G	k
 is the set of all ﬁnite groups.
Theorem 6.1. Let k0 be a perfect ﬁeld and let B be a ﬁnite group
in G	k0
. Let A be a transitive group of degree n with G a transitive subgroup
such that A/G = B. Let H denote a point stabilizer in this permutation rep-
resentation. There exists a ﬁnite extension k/k0 depending upon A and ﬁelds
L/K with Galois closure M such that the following hold:
(a) K is a ﬁnitely generated ﬁeld extension of k of transcendence degree 1;
(b) L/K is k-regular of degree n;
(c) A = Gal	M/K
;
(d) H = Gal	M/L
; and
(e) G is the subgroup of A ﬁxing the algebraic closure of k in M .
Proof. By [19] and [10], we know that A is the Galois group of the
Galois extension M1/K1, where K1 is the function ﬁeld of some curve
over the algebraic closure of k0. We can descend and assume that there
is a ﬁnite extension k of k0 so that K1 is the function of ﬁeld of a curve
over k, M1/K1 is Galois with Galois group A, and k is algebraically closed
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in M1. Replacing k by a further ﬁnite extension k, we may assume that
B = Gal	k′/k
 for some ﬁnite Galois extension k′/k.
We now consider the ﬁeld M = M1k′. Then the Galois group of M/K1
is A × B. Let π A → A/G = B be the natural projection. Consider the
subgroup A0 = 	aπ	a
a ∈ A of A × B. So A0 ∼= A. Let G0 and H0
denote the image of G and H in A0.
Finally, let K be the ﬁxed ﬁeld of A0 acting on M , and let L be the ﬁxed
ﬁeld of H0. So L/K is a separable extension of degree n.
We now verify each of the desired properties.
(a) Since k	x
 is ﬁnitely generated over k and has transcendence
degree 1, the same is true for K.
(b) Since G is transitive, A = GH. Thus, π	H
 = B. So the ﬁxed
ﬁeld of H acting on k′ is k; s i.e., L ∩ k′ = k.
(c) Since M/K is Galois, certainly the Galois closure of L/K is con-
tained in M . If it were proper, then there would be a normal subgroup N
of A contained in H. Then N acts trivially in the permutation represen-
tation of A on the cosets of H. Our hypothesis is that this is a faithful
permutation representation. So N = 1.
(d) This is essentially by deﬁnition and the fundamental theorem of
Galois theory.
(e) Note that k′ is the algebraic closure of k inM . Since π	G0
 is triv-
ial, G0 acts trivially on k′. Since Kk′  k = k′  k = A  G = A0  G0,
G0 is the subgroup of A0 ﬁxing k′.
This completes the proof.
Remarks. (1) If k is ﬁnite, then using a result of Stevenson [20] and
a minor modiﬁcation in the proof, one can show that we can take M/K to
be unramiﬁed.
(2) If k is ﬁnite and A/G is cyclic of order prime to the characteristic
of k, then using the results of Harbater [10] and Raynaud [19], a modiﬁ-
cation of the proof shows that we may take K to be the ﬁeld of rational
functions over some extension ﬁeld of k.
(3) The only fact about Galois groups that we need in the theorem
above is that the symmetric group of arbitrarily large size occurs as a
group of automorphisms of some curve over the algebraic closure. This goes
back to Hilbert in characteristic 0. There are many proofs of this in char-
acteristic p. In particular, it follows from [10].
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7. TOWARD A CLASSIFICATION-FREE PROOF OF
THEOREM 1 AND THEOREM 3
In this section, we sketch an alternative approach to Theorem 4.1 which
reduces to a certain problem about simple groups. Our hope is that a
classiﬁcation-free solution can be found.
We need the following result about simple groups. This is weaker than
earlier results we obtained using the classiﬁcation.
Lemma 7.1. Let S be a ﬁnite nonabelian simple group. Let T = Aut	S
.
Let M be a self-normalizing subgroup of S. Let S < A ≤ T with A =
NA	M
S. Then µ	A
 = µ	A/S
 = µ	NA	M
/M
 < S M.
By considering a minimal counterexample to Lemma 7.1, it sufﬁces to
assume that NA	M
 is actually a maximal subgroup of A.
We now show how Theorem 4.1 follows from Lemma 7.1 without using
the classiﬁcation of ﬁnite simple groups. Thus, a classiﬁcation free of
Lemma 7.1 would give a classiﬁcation free proof of Theorem 4.1. We do
use the Aschbacher–O’Nan–Scott theorem (a version which does not use
the classiﬁcation—see [3] or [16]). We also assume Theorem 4.1 for smaller
values of n.
So let 	An
 (or 	AG n
 for the second part) be a minimal
counterexample to Theorem 4.1. Let H be a point stabilizer.
The original proof given for Theorem 4.1 shows that a minimal
counterexample would be a primitive group, and this part of the proof did
not use the classiﬁcation.
So A is primitive. If there exists a regular normal subgroup N
not contained in the center, then H has a faithful suborbit, and so
µ	A
 = µ	H
 < n, as desired. So A has no regular normal subgroup.
So A has a unique minimal normal subgroup E which is a direct prod-
uct of t copies of a simple group S. As in the proof of Theroem 4.1, we
see by induction that µ	A
 ≤ tµ	R
 for some subgroup R of Out	S
. Set
T = Out	S
 and let U be the preimage of R in T . Also, we know that one
of the following holds:
1. n = dt , where d = S M, and R embeds in NT 	M
S/S; or
2. n ≥ Lt/2 with t ≥ 2.
Suppose that 1 holds. Then we claim that t = 1. So let U be the preimage
of R in T . Then U acts on the coset space U/NU	M
, which has cardinality
S M. If t = 1, then U  < A, and so µ	U
 = µ	U/S
 < S M.
Of course, the case t = 1 is just Lemma 7.1.
Suppose that 2 holds. Let M be a subgroup of U not containing S with
U = SNU	M
 and M ≥ 5 (for example, take M to be the normalizer of
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a nontrivial Sylow p-subgroup of S with p ≥ 5). Then U acts faithfully on
the coset space U/M , and so by minimality,
µ	U
 = µ	U/S
 = µ	R
 < U M = S  S ∩M ≤ S/5
Then
µ	A
 ≤ tµ	R
 ≤ 	t/5
S < St/2 = n
Thus Lemma 7.1 implies Theorem 4.1. Indeed, note that we essentially
need Lemma 7.1 only for representations of minimal degree.
It seems feasible to prove Lemma 7.1 inductively. Namely suppose that
	An
 is a minimal counterexample. Then one can easily show
Lemma 7.2. Let 	SM
 be a counterexample to Lemma 7.1 with S  M
minimal. Let S ≤ A ≤ SNT 	M
 with T = Aut	S
. Then NA	M
 has no
faithful orbit on the coset space A/NA	M
. Moreover, no proper subgroup H
of A such that A = SH has a faithful suborbit. In particular, no such H is
transitive.
Proof. As we observed above, Lemma 7.1 for values n < S  M
implies Theorem 4.1 for n. Since NA	M
 covers A/S, µ	A/S
 =
µ	NA	M
/NS	M

. If NA	M
 has a faithful suborbit, then
µ	A/S
 = µ	NA	M
/NS	M

 ≤ NA	M
 ≤ n < S M
contradicting the fact that 	SM
 was a counterexample.
Examples of such H would be the normalizers of subgroups of S whose S
conjugacy class coincides with its A conjugacy class—for example, Sylow
subgroups.
In particular, Theorem 3 implies Theorem 4.1 and so Theorems 1 and 2
as well. We give a proof of Theorem 3 in the next section.
8. POINT STABILIZERS IN PRIMITIVE GROUPS
We now give a proof of Theorem 3. We ﬁrst prove a special case that
includes a result of Knapp [13]. We then will give a classiﬁcation-free reduc-
tion to the almost simple case and will prove the result in many cases with-
out the classiﬁcation.
We ﬁx some notation for this section. Let A be a primitive group of
permutations on the ﬁnite set . Let H = Aw denote the point stabilizer
of w ∈ .
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Our goal is to show that H has a faithful orbit on . We have already
observed
Lemma 8.1. IfA contains a regular normal subgroup, then every nontrivial
orbit of H is faithful.
So we assume that this is not the case. It follows that A has a unique
minimal normal subgroup E which is the direct product of t copies of a
nonabelian simple group L, all of which are conjugate in A. Let L denote
one of these subgroups. Moreover, H ∩ E = 1. The next result general-
izes a result of Knapp [13]. Let M	H
 denote the set of minimal normal
subgroups of H. Let W 	H
 denote the subgroup of H generated by all
conjugates of elements of M	H
 which are contained in H.
Lemma 8.2. Let C and D be normal subgroups of H such that whenever
Dg ≤ H, then Dg centralizes C.
(1) If D ﬁxes gw, then C ﬁxes g−1w.
(2) If C is abelian and Cg centralizes C whenever it normalizes C, then
C ﬁxes gw if and only if C ﬁxes g−1w.
(3) If C ≤ Z	H ∩E
 is a minimal normal subgroup of H, then H acts
faithfully on any orbit not consisting of ﬁxed points of C.
(4) If H has a unique minimal normal subgroup or Z	H ∩ E
 = 1,
then H has a faithful orbit.
Proof. Suppose that D ﬁxes v = gw. Thus, g−1Dg ≤ H and so normal-
izes C. By hypothesis, g−1Dg centralizes C. Thus, gCg−1 ≤ NG	D
 = H.
Hence gCg−1 ﬁxes w and so C ﬁxes g−1w. This yields the ﬁrst statement.
Suppose now that every conjugate of C contained in H centralizes C.
Taking D to be C in (1), we see that for any g ∈ G, C ﬁxes gw if and only
if C ﬁxes g−1w. This yields the second assertion.
Suppose that C ≤ Z	H ∩ E
 is nontrivial and is a minimal normal sub-
group of H. Let D be a minimal normal subgroup of H. If D ≤ E, then
Dg ≤ H implies that CDg = 1. In particular, this comment applies to C.
So D ﬁxes gw if and only if C ﬁxes g−1w if and only if C ﬁxes gw. Thus,
H ∩ E acts faithfully on the orbit Hv as long as Cv = v. Suppose that
D ∩ E = 1 and Dg ≤ H. Then DH ∩ E ≤ D ∩ E = 1. Since A = HE,
Dg = De for some e ∈ E. If e ∈ E and De ≤ H, then De ≤ DE ∩H =
	H ∩ E
D ≤ CG	C
. So the previous argument applies to D as well, and
we conclude that H is faithful on the orbit Hv as long as Cv = v. This
yields the third assertion.
The last assertion now follows immediately.
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Lemma 8.3. If any of the following conditions hold, then H has a faithful
orbit:
(i) Z	W 	H

 = 1;
(ii) H has a minimal normal abelian subgroup not contained in E;
(iii) Z	H ∩ E
 = 1;
(iv) H has a cyclic normal subgroup whose order is the smallest prime
dividing F	H
;
(v) H has a unique minimal normal subgroup.
Proof. Let C be a minimal normal subgroup of H contained in
Z	W 	H

. Let D be any minimal normal subgroup of H. Thus, D central-
izes C. Moreover, Dg centralizes C whenever Dg ≤ H. Thus, the previous
lemma shows that H is faithful on any orbit containing a point not ﬁxed by
C. This shows that the conclusion of the theorem is valid when (i) holds.
Arguing as in the previous lemma, we see that (iii) implies (i), and so (iii)
implies the conclusion.
Let C be an abelian minimal normal subgroup of H not contained in E.
Then CH ∩ E ≤ C ∩ E = 1, and so H ∩ E centralizes C. Let D be
any minimal normal subgroup of H and consider a conjugate Dg ≤ H. If
D ≤ E, then Dg ≤ H ∩ E and so Dg centralizes C. If D ∩ E = 1, then for
g ∈ E, Dg ≤ DE ∩H = D	E ∩H
, and so Dg centralizes C. Since A = HE,
any conjugate of D is of the form Dg with g ∈ E. Thus, C ≤ Z	W 	H

 and
(i) applies. This shows that (ii) implies the conclusion.
Now assume the hypothesis of (iv). Let C be the given subgroup. Let
D be a minimal normal subgroup of H. If D is contained in F	H
, then
the exponent of D is at least that of C. It follows that no conjugate of D
can act nontrivially on C. So if Dg ≤ H, then D centralizes C. Otherwise
D is a direct product of simple groups, and so no conjugate of D can act
nontrivially on C. Thus, C is central in W 	H
 and so (i) applies.
If H has a unique minimal normal subgroup, then H is faithful on Hv
for any point v not ﬁxed by the unique minimal normal subgroup of H.
Lemma 8.4. If H ∩ L = 1, then H has a faithful orbit. Moreover, if A is
a minimal counterexample to Theorem 3, then A is almost simple.
Proof. First assume that H ∩L = 1. By Lemma 8.1, we may assume that
A has no regular normal subgroups. It follows [3] that H ∩ E = 1 and that
E is the unique minimal normal subgroup of A. Moreover, by [3], H ∩ E
is a direct product of subgroups, each isomorphic to L and H, permutes
these subgroups transitively. It follows that H has a minimal normal sub-
group H ∩ E isomorphic to a direct product of copies of L. If this is the
unique minimal normal subgroup of H, then the previous lemma applies.
So assume that C is a minimal normal subgroup of H not contained in E.
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Thus, C commutes with H ∩E, and indeed, by maximality, H ∩E = CE	C
.
Hence H ∩ E is the direct product of copies of L which are full diagonal
subgroups for each orbit of C on the set of components of A.
Suppose that H ∩ E ﬁxes some point v = gw. Then g−1	H ∩ E
g ≤
H ∩ E, and so g normalizes H ∩ E. Since H is maximal and normalizes
H ∩ E, this implies that g ∈ H, whence v = gw = w. So w is the unique
ﬁxed point of H ∩ E.
Let g be a nontrivial element in a component L. Suppose that C ﬁxes gw.
Then g−1Cg ≤ H and gC ≤ H ∩E. On the other hand, for any nontrivial
c ∈ C, g c has exactly two nontrivial coordinates—more precisely, there
are exactly two nontrivial projections into components of A. Thus, each
orbit of C on the conjugates of L has size 2. Hence, C is abelian and the
previous lemma applies. So no minimal normal subgroup of H ﬁxes gw and
H is faithful on the orbit Hgw.
So we may assume that H ∩ L = 1. Set E = L1 × · · · × Lt with L1 = L.
Then H ∩ E = H1 × · · · ×Ht , where Hi = H ∩ Li = 1. Thus, we can iden-
tify  = 1 × · · · × t , where i is identiﬁed with Li/Hi and A pre-
serves the product structure on this set. Let S = NA	L1
/CA	L1
 and
M = NH	L1
CA	L1
/CA	L1
 < S. By [3], M is maximal in S.
If t > 1 and we have a minimal counterexample, then it follows that M
has a faithful orbit on 1. Let v = 	w1     wt
 ∈ 1 × · · · ×t , so that w1
is in that faithful orbit of M .
We claim that H is faithful on Hv. If not, then some minimal normal
subgroup of H ﬁxes this point. Suppose that this minimal normal subgroup
C is contained in E. Since M acts faithfully on the orbit Mw1, we see that
no normal subgroup of H1 ﬁxes v. Thus, the projection of C into L1 is
trivial. So C ≤ L2 × · · · × Lt . Since A is transitive on the set of Li and
A = EH, H permutes the Li transitively. Thus, C = 1, a contradiction.
So we may assume that C is not contained in E. Thus, C centralizes
H ∩ E and, in particular, each Hi. Thus, C normalizes each Li. Hence
CCA	L1
/CA	L1
 is a normal subgroup of M ﬁxing w1, and so C is trivial.
Thus, C centralizes L1. Since C is normal in H and H permutes the Li
transitively, this implies that C ≤ CA	E
 = 1. This completes the proof.
So a minimal counterexample must be almost simple with socle L. Note
that this reduction did not require the classiﬁcation. The next two results
use the Schreier conjecture. The referee has pointed out that in the next
result we could also use the fact that Out	S
 < S for a simple group S.
There is no classiﬁcation-free proof of this available, but it follows by
inspection of the automorphism groups of the known simple groups or
alternatively from the fact that any simple group can be generated by a
pair of elements.
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Lemma 8.5. If H has exactly two minimal normal subgroups, each of
which is simple, then H has a faithful orbit.
Proof. Denote the two minimal normal subgroups by B and C. If the
result fails, it follows that any v = w is ﬁxed by one of B and C. In parti-
cular, both B and C must ﬁx at least two points.
Suppose that B ≥ C. Note that by the Schreier conjecture or the fact
that Out	S
 < S for any simple group S, it follows that Bg does not
embed in the outer automorphism group of B × C.
Thus, Bg ≤ H implies that Bg induces inner automorphisms on BC and
so is contained in BC	CH	BC

 = BC. If B and C are not isomorphic, this
implies that Bg = B and so g ∈ H. Thus, B ﬁxes only w and H is faithful
on any orbit containing a point not ﬁxed by C. So assume that B ∼= C.
Suppose that B = Bg ≤ H. In particular, g is not in H. If Bg = C, then g
conjugates the normalizer of B onto the normalizer of C, both of which are
H, and so g ∈ H. Thus, BC is generated by Bg and either B or C. Then Bg
ﬁxes at least two points and so in particular some point v = w. Since B
or C also ﬁxes v, this implies that BC ﬁxes v. If BC ﬁxes v = gw, then
g−1	BC
g ≤ H and so 	BC
g = BC, whence g ∈ H and v = w. This con-
tradiction yields the result.
Lemma 8.6. If W 	H
 is not contained in E, then H has a faithful orbit.
Proof. We may assume that E = L is simple. It follows that A/L is
solvable, and so any minimal normal subgroup of H not contained in E is
abelian. So Lemma 8.3 applies.
We now consider the various families of simple groups. So assume that
A is a counterexample to Theorem 3 which is almost simple with socle L.
Lemma 8.7. If L is an alternating group, then H has a faithful orbit.
Proof. Let L = An. If n ≤ 8, this follows by inspection. So assume that
n > 8. All maximal subgroups are explicitly known or are almost simple. In
particular, it follows that either H has a unique minimal normal subgroup
or is intransitive stabilizing a subset of size 2 ≤ k < n/2 or is imprimitive
stabilizing a system of blocks of size 2.
Let w′ be any k-set which intersects w (the ﬁxed point ofH) in a subset of
size k− 1. It follows that Ak ×An−k acts faithfully on the orbit containing
w′, whence H does—if A = Sn and k = 2, one needs to argue further, but
indeed in that case, Z	H
 = 1.
Finally, consider the case whereH is the stabilizer of a system of imprimi-
tivity with blocks of size 2. Then H has at most two minimal normal sub-
groups and H = C	z
 for a ﬁxed point free involution z. One computes
that H acts faithfully on the orbit Hv for any v with zv = v.
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Lemma 8.8. If H has at most 2 minimal normal subgroups, then H has a
faithful suborbit on .
Proof. If A is alternating or symmetric, this follows from the observa-
tions above. Let P and Q denote the minimal normal subgroups. If false,
then on each orbit either P or Q is trivial. In particular, it follows that,
say, P ﬁxes more than half the points on . It follows by [8] that A is an
orthogonal group over the ﬁeld of two elements. Moreover, in any such
action, H is almost simple or A = O8n	2
, and P has order 2 and is not
contained in L. Then Lemma 8.3 applies.
Lemma 8.9. If L is sporadic, then H has a faithful suborbit on .
Proof. If L is sporadic, all maximal subgroups are known except for the
baby monster and the monster, and the result follows easily by inspection,
using the previous results in this section. Even in those cases, all maxi-
mal subgroups are known, except for almost simple maximal subgroups.
Of course, if the maximal subgroup is almost simple, then any orbit on
which the simple group acts faithfully is a faithful orbit.
So it only remains to consider the case where L is a Chevalley group in
characteristic p. All maximal subgroups are essentially known, except for
almost simple groups.
Lemma 8.10. If Op	H
 = 1, then H has a faithful suborbit on .
Proof. By Lemma 8.6, we may assume that every minimal normal sub-
group ofH is contained in L. Thus Op	H ∩L
 = 1. The Borel–Tits theorem
then implies that the minimal normal subgroups of H ∩L are all p-groups.
Let X be the product of the minimal normal subgroups of H. So X ≤ B
for some Borel subgroup B of L. Let g ∈ A with X ∩Xg = 1 (take g con-
jugating B to its opposite). Then X acts regularly on the orbit Xgw and
so faithfully on the H-orbit containing gw. Thus, H is faithful on Hgw as
required.
Lemma 8.11. If L = O+8 	q
 and A contains a graph automorphism of
order 3, then H has a faithful orbit.
Proof. This follows from the previous results and the description of the
maximal subgroups given in [11]
Lemma 8.12. If F	H
 = 1, then H has a faithful orbit.
Proof. In this case, it follows by [1] (see also [12]) for classical groups
and by results of Liebeck and Seitz [17] for the exceptional groups that H
has at most two orbits on the components of H. Now Lemma 8.8 applies.
Lemma 8.13. If L is a classical group, then H has a faithful orbit.
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Proof. By Aschbacher’s classiﬁcation (see [1] and [12]), either H is
almost simple and so has a unique minimal normal subgroup or
1. H is the stabilizer of a totally singular or nondegenerate subspace
or possibly in the case of L = Ld	q
 when A contains a graph automor-
phism, a pair of subspaces;
2. H is the stabilizer of a tensor product decomposition V = V1 ⊗ V2
with 2 ≤ dim V1 ≤ dim V2;
3. H is the stabilizer of a tensor product structure V = V1 ⊗ · · · ⊗ Vr
with dim Vi = e > 1;
4. H preserves a ﬁeld extension structure on V ;
5. H is the stabilizer of a form on V ;
6. H is the stabilizer of a direct sum decomposition, V = V1⊕ · · · ⊕ Vr
with dim Vi = e > 1;
7. H has a unique minimal normal abelian subgroup (which lifts to a
subgroup of symplectic type in the linear group);
8. H is deﬁned over a proper subﬁeld.
We note that in all cases it follows that one of the following holds:
(a) F	H
 is cyclic, Op	H
 = 1, or H has at most two minimal normal
subgroups;
(b) q > 2 and H is the stabilizer of a direct sum decomposition V =
V1 ⊕ · · · ⊕ Vn with dim Vi = 1;
(c) L = Sp2n	q
 or O+2n	q
, H is the stabilizer of a direct sum
decomposition V = V1 ⊕ · · · ⊕ Vn with dim Vi = 1 with Vi singular; or
(d) L = O82n	q
, n ≥ 4, and H is the stabilizer of a direct sum decom-
position V = V1 ⊕ · · · ⊕ Vn with dim Vi = 2 with each Vi nonsingular (of the
same type).
If (a) holds, then the previous results apply.
In the remaining cases, we see that J ∈ M	H
 is an elementary abelian
r-group for some prime r dividing q± 1. In case (b), the Vi are nonisomor-
phic J-modules and (lifting to the linear group) J has order rn−1. Suppose
J ﬁxes some other decomposition ⊕V ′i with dim V ′i = 1. Set W = V ′1 . Note
that the stabilizer of W in J has order rn−e, where e is the number of
nonzero coordinates for some nonzero vector in W . By conjugating by an
element of H, we may assume that the ﬁrst e coordinates of W are nonzero.
This space is J-invariant, and so we see that
∑
x∈J xW has dimension at
most e. On the other hand, the sum of the distinct xW x ∈ J is direct.
Thus, this sum has dimension re−1 ≥ e, a contradiction, unless e = 1. So J
has a unique ﬁxed point. Thus, H is faithful on every nontrivial orbit.
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Essentially the same argument handles (c) and (d) (the main difference
is that J = rn).
For the exceptional groups, we use some results about ﬁxed point ratios
and the fact that we know all maximal subgroups except the almost simple
ones [17].
Lemma 8.14. Let L be an exceptional group deﬁned over the ﬁeld of q
elements and let A be a group with F∗	G
 = L. Let H be a maximal subgroup
of A. If M	H
 > 2, then H is a local subgroup and one of the following
holds:
(1) H is not the normalizer of a maximal torus and L = E86	q
 and
M	H
 < log	q2 + 8q+ 1
 or L = E7	q
 and M	H
 < log	q+ 1
;
(2) H = NG	T 
 with T a maximal torus and M	H
 ≤ f 	L q
 as
given in Table I.
Proof. Assume that H is the not the normalizer of a maximal torus.
Then the result follows by the main results in [5, 17, 18].
The list of all possibilities for H the normalizer of a maximal torus are
given in [18]. In particular, there is a bijection between the minimal normal
subgroups of H and the prime divisors of the maximal torus contained in
H (because of the action of the Weyl group). We estimate the number of
prime divisors very crudely to get the estimates in the table.
Note that for some groups, no possibilities are listed in the table—this
indicates that the normalizers of maximal tori are not maximal subgroups.
Also, as we have noted before log denotes the base 2 logarithm.
Lemma 8.15. If L is an exceptional group, then H has a faithful orbit.
TABLE I
L f 	L q

2B2	q
 q = 22k+1 > 2 log	q+
√
2q+ 1

2G2	q
 q = 32k+1 > 3 log	q+
√
3q+ 1

3D4	q
 log	q4 − q2 + 1

G2	q
 q = 3a log	q2 + q+ 1

2F4	q
′ q = 22k+1 log	q2 +
√
2q3 +√2q+ 1

F4	q
 q = 2a log	q4 − q2 + 1

E86	q
 log	q2 + 8q+ 1

E7	q
 log	q+ 1

E8	q
 log	q8 + q7 − q5 − q4 − q3 + q+ 1
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Proof. By the previous results we may assume that H is as in the pre-
vious result. First suppose that H is the normalizer of a maximal torus.
Thus for each v ∈ , it follows that some element of M	H
 ﬁxes v.
Let f = M	H
. In particular, some subgroup in M	H
 ﬁxes more than
/f points.
On the other hand, by [6, 7, 15], it follows that any nontrivial semisimple
element of A ﬁxes at most /ρ points, where ρ = 	q2 − 1
/	q1/3 − 1

if L = 2B2	q
; = 	q2 − q + 1
 if G is either G2	q
, q = 4, or 2G2	q
,
q > 3; = 51/4 if L = G2	4
; and µ	G
 ≤ 	q4 + q2 + 1
 otherwise. Since
any element ofM	H
 consists of semisimple elements, it follows that f > ρ.
Since f ≤ f 	L q
 < ρ, we obtain a contradiction.
A similar argument handles case 1 of Lemma 8.14.
This completes the proof of Theorem 3.
We remark that one could give another argument along the lines of the
earlier results in this section by showing that there are at most four “essen-
tial” minimal normal subgroups in the normalizer of a torus and that no
subgroup can ﬁx more than one-fourth of the points.
9. IRREDUCIBLE LINEAR GROUPS
In this section, we improve our bound on cyclic quotients for afﬁne prim-
itive groups which are not metabelian. This amounts to ﬁnding a bound for
cyclic quotients of irreducible linear groups which are not cyclic. We can-
not replace H/HH by µ	H
; for consider H = !GL	1 49
 ≤ GL	2 7
.
Then µ	H
 = 48.
We cannot obtain bounds nearly as good for afﬁne primitive groups as
those for the other primitive groups. We do get some bounds, however.
This essentially amounts to doing the same for irreducible linear groups.
Theorem 9.1. Let H be an irreducible subgroup of GL	V 
, where V is
a ﬁnite-dimensional vector space over a ﬁnite ﬁeld k. Let dim V = e and
k = q. Then one of the following holds:
(a) H is cyclic of order dividing qe − 1; or
(b) the exponent of H/HH is less than 2V 1/2.
It is not hard to see that in general, one cannot do better. For example,
let C be a maximal torus in GL2	q
 (so either split of order 	q − 1
2 or
nonsplit of order q2 − 1) and let H be the normalizer of C (and so H/C
has order 2). Then note that in both cases, H/HH is cyclic of order
2	q− 1
.
We ﬁrst prove a weak version of our desired inequality without the
assumption of irreducible action.
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Lemma 9.2. Let V be a vector space over the ﬁnite ﬁeld k of cardinality
q = pe. If H ≤ GL	V 
, then µ	H
 < V .
Proof. If V decomposes for H, this is clear by induction. So ﬁrst assume
that H is irreducible. If H has a faithful orbit on vectors, then Theorem 4.1
applies. In particular, this holds if H acts irreducibly on V .
Let W be an irreducible H-submodule of V . Then we can map f  H →
GL	W 
 ×GL	V/W 
. Let B be the kernel of this action. So B is an ele-
mentary abelian p-group and acts trivially on W and on V/W . We consider
two cases.
Case 1. f 	H
 acts faithfully on V/W . Then
µ	H
 ≤ µ	H/B
µ	B
 < V/W p ≤ V 
Case 2. f 	H
 does not act faithfully on V/W . Let C denote the kernel
of the action of H on V/W . So C/B acts faithfully on W . Since H acts
irreducibly on W , this implies that C acts semisimply on W . Moreover, since
CW 	C
 is a properH-invariant submodule of W , it follows that this is trivial.
Since B acts faithfully on V but trivially on both W and V/W , it follows that
any nontrivial b ∈ CB	C
 induces a nontrivial element of HomC	WV/W 
.
On the other hand, W has no trivial composition factors and V/W is a
trivial B-module. So HomC	WV/W 
 = 0. Thus, CB	C
 = 1. In particular,
B contains no central chief factors of C or H. Thus, µ	H
 = µ	H/B
.
By induction µ	H/C
 < V/W  and µ	C
 < W , whence the result.
An amusing consequence of the previous lemma is the well-known result
that any element in GL	e q
 has order at most qe − 1.
We also need the following lemma.
Lemma 9.3. Let G = GL	e qt
 and let x be the q-Frobenius map on G.
The order of any element of the form xg in Gx with g ∈ G is less than tqe.
Proof. Let y = xg with g ∈ G. Let G = GL	e F
, where F is the alge-
braic closure. By Lang’s theorem, the centralizer of xg in G is isomorphic
to GL	e q
. Thus, yt has order less than qe. Hence y has order less than
tqe as needed.
We now prove Theorem 9.1.
We essentially use Aschbacher’s theorem (see [1, 12]) about subgroups
of classical groups. It is actually slightly easier to prove what we need as
we go along. Let G be a subgroup of H with H/G cyclic of maximal order.
Note that µ	H
 ≥ H/G.
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1. If H leaves invariant a decomposition V = ⊕mi=1Vi invariant, with
dim Vi minimal and m > 1, then let K denote the kernel of the permutation
action of H on the set of Vi. By Theorem 4.1, µ	H/K
 ≤ m. By Lemma 2.3,
µ	K
 ≤ µ	R
, where R is the image of K acting on V1—the irreducibility
guarantees that the actions on Vi are all conjugate. By Lemma 9.2, µ	R
 <
Vi = V 1/m, whence the result follows.
So we may assume that we are not in Case 1. In particular, we may
assume that every normal subgroup of H contained in G acts homoge-
neously on V .
2. We may assume that H is absolutely irreducible by passing to an
extension ﬁeld if necessary. Suppose that H ≤ GL	e/t qt
t, where this
indicates the extension of GL by the Frobenius automorphism with t max-
imal. Let B = H ∩GL	e/t qt
. So B is homogeneous. Let W be an irre-
ducible submodule for B.
Suppose that B is not irreducible and not abelian. Then the exponent
of B/BB is at most 2W 1/2. Now W  ≤ V 1/2. So the exponent of
H/HH is at most 2tW 1/2. Suppose dim W = a ≥ 2 and dim V = ab
with b ≥ 2 (with dimensions computed over Fqt 
. Then
2tW 1/2 = 2tqta/2 ≤ 2qtab/2 = 2V 1/2
If B is abelian, then as it is homogeneous and the constituent is absolutely
irreducible, B consists of scalars. One computes that in this case H/G has
order at most t	q− 1
 and the result holds.
So B is irreducible and nonabelian. Choose a ∈ H so that aG has the
maximum possible order in H/G. We may assume that H is generated
by B and a—if not, let D be this subgroup. Then a	D ∩G
 has order in
D/	D ∩G
 a multiple of the order aG in H/G, and so the result follows
by induction.
So a must be in the coset of the Frobenius map. By Lemma 9.3, a has
order at most tqe/t = tV 1/t ≤ 2V 1/2, unless t = 1. So we may assume
that t = 1.
3. Let N be a minimal normal noncentral subgroup of H contained
in G. So N acts homogeneously. Let W be an irreducible constituent of
V for N . Since t = 1, it follows that N is absolutely irreducible on W—
otherwise, G normalizes the center of EndN	V 
 = Mm	k′
, where m is
the multiplicity of W and k′ = EndN	W 
. If W = V , then it follows that
H embeds in GL	W 
 ⊗GL	U
 acting on U ⊗W ∼= V . Note that we can
pass to a covering group of H and really get an embedding into GL	W 
 ×
GL	U
 and not just the tensor product.
It follows by Lemma 9.2 that µ	H
 < U W . Suppose that dim U = a
and dim W = b with 2 ≤ a ≤ b. The previous inequality yields the result
unless a = 2 or a = b = 3.
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Since H acts primitively on V , it does so on each of U and W . Also,
since t = 1, it follows that H normalizes no noncentral subgroup of
GL	U
 or GL	W 
. Let φ H → GL	W 
 and consider K = kerφ. So K
embeds in PGL	U
. Inspection of the possibilities with a = 2 and the
restrictions on H noted above show that either µ	K
 ≤ 2 or K = A4
and µ	K
 = 3. Thus, µ	H
 ≤ µ	φ	H

µ	K
 < µ	φ	H

W  ≤ 2V 1/2
unless K = A4 and µ	φ	H

 = W . However, if K = A4, it follows
that q is odd, µ	K
 = 3, and Z	H
 ∩ HH has even order. Now
µ	φ	H
/φ	Z	H

 ≤ 	W  − 1
/	q − 1
 since it has a faithful orbit on
the 1-spaces of W . This implies that φ	H
/φ	H
 φ	H
 has an expo-
nent at most 	W  − 1
/2. Thus, H/HH has an exponent at most
µ	K
	W  − 1
/2
 < 2W  ≤ 2V 1/2. A similar argument handles the case
a = b = 3.
So we may assume that N acts irreducibly on V . Since N was a minimal
noncentral normal subgroup, it follows that either N is of symplectic type
or N/Z	N
 is a direct product of t copies of a nonabelian simple group L.
In the ﬁrst case, N/Z	N
 is an elementary abelian group of order s2a
with s prime, e = sa, and q ≡ 1 mod s. Note that H/NZ	H
 acts transitively
(indeed even primitively) on a set of cardinality s2a.
Moreover, H/Z	H
 embeds in Sp2a	s
 = Sp	X
 and acts irreducibly
on N/Z	N
. In particular, it acts faithfully and transitively on a subset
of nonzero vectors of X. Thus, µ	H/Z	H

 ≤ X < s2a. Since the only
central H-chief factors on N are contained in Z	H
, we have
µ	H
 ≤ µ	H/N
µ	Z	H

 < s2aq
Now V  = qsa . Note that s2aq ≤ 2qe/2 = 2qsa/2, unless, possibly, a = 1
and s ≤ 3 or a = s = 2.
If a = 1 and s = 2, then e = 2. Inspection yields that µ	H
 ≤ 3	q− 1
 <
3V 1/2 and that H/G < 2V 1/2.
If a = 1 and s = 3, then e = 3 and we see that µ	H
 ≤ 8	q− 1
 < 8V 1/3
and H/G < 2V 1/2.
If a = 2 = s, then e = 4 and we see that
µ	H
 ≤ 12	q− 1
 < 12V 1/4 < 2V 1/2
Finally, suppose that N/Z	N
 is a direct product of m copies of a non-
abelian simple group L. Since N was minimal and since N acts absolutely
irreducibly, it follows that H/Z	H
 embeds in the automorphism group of
N/Z	N
 and N/Z	N
 is the unique minimal normal subgroup of H/Z	H
.
Moreover, V = V1⊗ · · · ⊗ Vm with dim Vi = c and Vi a projective irreducible
L-module. So e = cm. Note that H/Z	H
 acts on the collection of 1-spaces
corresponding to simple tensors, a set of cardinality m	qc − 1
/	q − 1
.
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Moreover, N/Z	N
 is faithful on each N-orbit. Thus, H/Z	H
 has a faith-
ful orbit on this set as well. So µ	H/Z	H

 ≤ m	qc − 1
/	q − 1
 and
µ	H
 ≤ m	qc − 1
. If m > 1, this implies that µ	H
 < 2qe/2 as required.
If m = 1, then H/Z	H
 is almost simple and so H/Z	H
 has a faith-
ful permutation representation of degree at most 	qe − 1
/	q − 1
 (on the
1-spaces). It follows by Lemma 3.2 that µ	H/Z	H

 ≤ log	qe − 1
/	q− 1
.
Thus,
µ	H
 < 	q− 1
 log	qe − 1
/	q− 1
 ≤ 2qe/2
whence the result.
This completes the proof.
The next result shows that the only primitive groups which get close to
the bounds in Theorem 1 are all metabelian.
Corollary 9.4. Let A be a primitive group of degree d with A
′′ = 1. If
G is a normal subgroup of A with A/G cyclic, then A/G < 2d1/2.
Proof. We may assume that A is afﬁne with minimal normal sub-
group N . Then G is nontrivial, and so A/G ∼= 	A/N
/	G/N
 with A/N
an irreducible linear group on N . So the result follows by Theorem 9.1.
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